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The Maxwell field can be viewed as a U(1)-gauge theory, therefore, generalizing it to form-
invariance in dynamical spacetime backgrounds should take this symmetry into account. This is of
essential importance when generalizations of general relativity to theories with non-vanishing torsion
are considered. Despite the many statements in literature that a U(1)-gauge field cannot couple to
torsion, this issue was recently revived. In this letter we contribute to the discussion by demon-
strating via a canonical transformation within the framework of the DeDonder-Weyl Hamiltonian
formalism that a U(1)-gauge field does not couple to torsion.
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I. INTRODUCTION
The generalization of electrodynamics to arbitrary
spacetime backgrounds, hence its coupling to Einstein’s
general relativity is well-known. The issue becomes
more subtle when generalizations of general relativity,
including non-vanishing torsion or non-metricity, are in-
cluded. Examples of these theories are Einstein-Cartan
or teleparallel gravity. In literature it was discussed in
detail that conservation of electromagnetic current pro-
hibits any couplings between the electromagnetic gauge
field aµ and spacetime torsion s
α
µν = γ
α
[µν] (see [1–3]).
In recent works this topic gained again attention in
the context of physical consequences of torsion coupling
breaking U(1)-symmetry [4–6].
The DeDonder-Weyl (DW) Hamiltonian formalism is
a covariant formalism, i.e. spatial and timelike directions
are treated on equal footing, which allows to deploy the
covariant canonical transformation theory in field the-
ories for implementing a local symmetry described by
arbitrary Lie groups. Therein, generic transformations
such as gauge transformations and in particular space-
time diffeomorphisms can be formulated in the language
of generating functionals (see [7, 8]). Its specific advan-
tage is that there is no more input needed beyond the
transformation behavior of the initial fields to systemati-
cally derive the kind of gauge fields, their transformation
behavior, and their coupling to the initial fields in order
to render the theory invariant under this transformation.
The reason for this is that a generating functional simul-
taneously specifies the transformation rules for the field
and their canonical conjugate fields, in conjunction with
the appropriate transformation rule for the Hamiltonian.
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In this letter, the formalism is applied to U(1)×Diff(M)
gauge transformations to determine the couplings be-
tween a U(1)-gauge field aµ and spacetime torsion s
α
µν .
This strategy focuses on the U(1)-symmetry of electro-
dynamics and contributes to the discussion of [1–3] as an
independent approach.
The paper is structured as follows: In Sec. II the DW
Hamiltonian formalism is reviewed at the example of the
Maxwell theory. In Sec. III, the couplings between U(1)-
gauge fields and torsion are systematically derived. The
paper closes with the conclusions in Sec. IV.
II. COVARIANT DEDONDER-WEYL
HAMILTONIAN FORMALISM
We first review the covariant DW Hamiltonian formal-
ism [9, 10] at the example of a real-valued scalar field
theory L˜M (φ, ∂φ, g) that couples to a gravitational the-
ory, specified by L˜grav(g, ∂g, γ, ∂γ). The starting point
is the action
S(φ, ∂φ, gµν , ∂gµν , γ
α
µν , ∂γ
α
µν ) (1)
=
∫
d4x
[
L˜M (φ, ∂φ, g) + L˜grav(g, ∂g, γ, ∂γ) + L˜g
]
,
where gµν(x) is the spacetime metric and γ
α
µν (x) an
arbitrary spacetime connection. In order for the ac-
tion (1) to be diffeomorphism-invariant, the total La-
grangian L˜ = L˜M+L˜grav+L˜g must be a world scalar den-
sity, hence a relative scalar of weight w = 1, denoted by
the tilde. The matter Lagrangian L˜M represents an arbi-
trary Lorentz-invariant Lagrangian density on Minkowski
spacetime, which is trivially generalized to a dynamic
spacetime by replacing the metric ηµν 7→ gµν . The grav-
ity Lagrangian L˜grav stands for the Einstein-Hilbert La-
grangian in the Palatini formulation or for any other the-
ory of the “free” (uncoupled) gravitational field, e.g. a
2higher-curvature gravity theory. Finally, the gauge La-
grangian L˜g is to be constructed to make the Lagrangian
L˜M + L˜grav into a world scalar density L˜ in order for
the action (1) to be diffeomorphism-invariant. The DW
poly-momenta are defined locally as
p˜iµ =
∂L˜
∂ (∂µφ)
, k˜µνα =
∂L˜
∂ (∂αgµν)
,
q˜ µνβα =
∂L˜
∂
(
∂βγαµν
) , (2)
which must all turn out to be proper tensor densities
once the gauge terms have been added to the then gauge-
invariant Lagrangian L˜. In contrast to the conventional
Hamiltonian formulation, the DW formalism assigns four
momenta to each field component, which reflects the du-
ality of moments and derivatives (timelike and spatial).
The DeDonder-Weyl Hamiltonian is then defined via
the Legendre-transformation
H˜(φ, pi, g, k, γ, q)= p˜iµ∂µφ+k˜
µνα∂αgµν+q˜
µνβ
α ∂βγ
α
µν−L˜.
(3)
With Eq. (2) and assuming regularity of the Legendre
transformation (3), it is possible to replace all deriva-
tives by means of the poly-momenta which yields the
DW Hamiltonian density H˜. In the case of the Hilbert
Lagrangian with its linear dependence of the Riemann
tensor, this not possible and leads to primary constraints
according to Dirac’s constraint theory [11] (see also [12]).
Commonly, symmetry constraints, such as k˜[µν]α = 0, are
present in this formalism, which need to be taken into ac-
count. The dynamics of the system is then described by
the DW equations 1
∂µφ =
∂H˜
∂p˜iµ
, ∂µp˜i
µ = −
∂H˜
∂φ
∂αgµν =
∂H˜
∂k˜µνα
, ∂αk˜
µνα = −
∂H˜
∂gµν
∂βγ
α
µν =
∂H˜
∂q˜ µνβα
, ∂β q˜
µνβ
α = −
∂H˜
∂γαµν
(4)
and is equivalent to the conventional Hamiltonian formu-
lation, but covariant, i.e. without the need for a 3 + 1-
split.
Beside the unified treatment of space and time, the
DW formulation has the advantage that the whole ma-
chinery of generating functionals for canonical transfor-
mations exists [7]. In the actual context, useful generat-
ing functionals are F˜µ2 (φ, Π˜, g, K˜, γ, Q˜) of type F˜2 with
the transformation rules
δµνΦ(X) =
∂F˜κ2
∂Π˜ν
∂Xµ
∂xκ
∣∣∣∣ ∂x∂X
∣∣∣∣ , (5)
1 The above mentioned symmetry constraints can be considered in
the variation of the action. This leads to symmetrized DeDonder-
Weyl canonical equations.
p˜iµ(x) =
∂F˜µ2
∂φ
, (6)
δµνGαλ(X) =
∂F˜κ2
∂K˜αλν
∂Xµ
∂xκ
∣∣∣∣ ∂x∂X
∣∣∣∣ (7)
k˜αλµ(x) =
∂F˜µ2
∂gαλ
, (8)
δµνΓ
β
αλ(X) =
∂F˜κ2
∂Q˜ αλνβ
∂Xµ
∂xκ
∣∣∣∣ ∂x∂X
∣∣∣∣ (9)
q˜ αλµβ =
∂F˜µ2
∂γβαλ
, (10)
H˜′
∣∣∣
X
=

H˜∣∣∣
x
+
∂F˜α2
∂xα
∣∣∣∣∣
expl.


∣∣∣∣ ∂x∂X
∣∣∣∣ , (11)
where upper case letters denote the transformed quanti-
ties. In this description also coordinate transformations
x 7→ X are permitted, with |∂x/∂X | denoting its Jacobi-
determinant.
As shown in [7, 8], gauge transformations as SU(N) or
Diff(M) can be formulated in terms of canonical trans-
formations generated by F˜µ2 . This way the necessity for
introducing a gauge field to render the system gauge in-
variant, its transformation behavior and the couplings
between initial field and gauge field can systematically
be derived without any further assumptions. In the fol-
lowing, this formalism is used to demonstrate that no
coupling between U(1)-gauge fields aµ and a spacetime
torsion sαµν = γ
α
[µν] exists that maintains the system’s
U(1)×Diff(M) invariance.
III. COUPLING OF MAXWELL-FIELD TO
TORSION
We use the formalism of covariant canonical transfor-
mations and apply them to a system of a complex scalar
field φ and a U(1)-gauge field aµ which are coupled to
Palatini gravity, the latter represented by both the met-
ric gµν and the spacetime connection γ
α
µν as a priori
independent fields. Note that the spacetime connection
γαµν is arbitrary, hence possibly comprises torsion and
non-metricity, i.e., a not covariantly conserved metric.
Consider a Hamiltonian system H˜ consisting of the three
DW Hamiltonian densities
H˜ =H˜1(φ, φ¯, p˜i
µ, ˜¯piµ; gµν) + H˜2(aµ, p
µν ; gµν)
+ H˜grav(gµν , k˜
µνα, γαµν , q˜
µνρ
α ) + H˜g ,
where the fields (φ¯, p˜iµ), (φ, ˜¯piµ), (aµ, p˜
µν), (gµν , k˜
µνα),
and (γαµν , q˜
µνρ
α ) constitute canonical pairs. The Hamil-
tonian is considered invariant under global U(1)×Diff(M)
(Λ = const., ∂X/∂x = const.) transformations. The
aim is to construct the gauge Hamiltonian H˜g that
renders the total system H˜ invariant under both local
U(1)-transformations as well as generic diffeomorphisms
3f ∈ Diff(M). The canonical transformation formalism
allows to derive the interaction terms which make the
system gauge invariant. Here we already included the
required gauge fields aµ and γ
α
µν . These could also be
introduced via a step-by-step derivation (see [7]), which
need not be repeated here. A generic transformation in
U(1)×Diff(M) acts on the fields as
φ(x) 7→ Φ(X) = φ(x)eiΛ(x) , (12a)
φ¯(x) 7→ Φ¯(X) = φ¯(x)e−iΛ(x) (12b)
aµ(x) 7→ Aµ(X) =
(
aξ + i
∂Λ(x)
∂xξ
)
∂xξ
∂Xµ
, (12c)
gµν(x) 7→ Gµν(X) = gσρ(x)
∂xσ
∂Xµ
∂xρ
∂Xν
, (12d)
γαµν (x) 7→ Γ
α
µν(X) = γ
β
σρ(x)
∂Xα
∂xβ
∂xσ
∂Xµ
∂xρ
∂Xν
+
∂Xα
∂xξ
∂2xξ
∂Xµ∂Xν
. (12e)
We abbreviate the map X ◦ f ◦ x−1, where x is a chart
in U ⊂ M and X a chart in f(U) ⊂ M simply as X .
The metric transforms then according to the pullback
along f−1, where ∂xσ/∂Xµ = ∂µ(x ◦ f
−1 ◦X)σ and sim-
ilar ∂Xσ/∂xµ = ∂µ(X ◦ f ◦ x)
σ. The U(1)-connection
aµ is first transformed by a local U(1)-transformation
and then also pulled back along f−1 and γαµν has the
usual inhomogeneous transformation rule for spacetime
connections.
The generating functional which generates the transformations (12) is given by
F˜µ2 =
[
˜¯Πβ(X)φ(x)eiΛ(x) + φ¯(x)Π˜β(X)e−iΛ(x) + P˜αβ(X)
(
aξ(x) + i
∂Λ(x)
∂xξ
)
∂xξ
∂Xα
+ K˜ηξβ(X)gσρ(x)
∂xσ
∂Xη
∂xρ
∂Xξ
+ Q˜ αρβλ (X)
(
γσξη (x)
∂xξ
∂Xα
∂xη
∂Xρ
∂Xλ
∂xσ
+
∂2xξ
∂Xα∂Xρ
∂Xλ
∂xξ
)]
∂xµ
∂Xβ
∣∣∣∣ ∂x∂X
∣∣∣∣
−1
. (13)
In addition to Eqs. (12a)–(12e), the generating functional
also determines the transformations for the canonical mo-
menta and for the Hamiltonian
p˜iµ(x) =
∂F˜µ2
∂φ¯
= Π˜β(X)e−iΛ(x)
∂xµ
∂Xβ
∣∣∣∣ ∂x∂X
∣∣∣∣
−1
, (14a)
˜¯piµ(x) =
∂F˜µ2
∂φ
= ˜¯Πβ(X)eiΛ(x)
∂xµ
∂Xβ
∣∣∣∣ ∂x∂X
∣∣∣∣
−1
, (14b)
p˜µν(x) =
∂F˜ν2
∂aµ
= P˜ (X)αβ
∂xµ
∂Xα
∂xν
∂Xβ
∣∣∣∣ ∂x∂X
∣∣∣∣
−1
, (14c)
k˜αλµ(x) =
∂F˜µ2
∂gαλ
= K˜ηξβ(X)
∂xα
∂Xη
∂xλ
∂Xξ
∂xµ
∂Xβ
∣∣∣∣ ∂x∂X
∣∣∣∣
−1
,
(14d)
q˜ ǫζµβ =
∂F˜µ2
∂bβǫζ
= Q˜ αρκλ
∂Xλ
∂xβ
∂xǫ
∂Xα
∂xζ
∂Xρ
∂xµ
∂Xκ
∣∣∣∣ ∂x∂X
∣∣∣∣
−1
,
(14e)
H˜′
∣∣∣
X
=

H˜∣∣∣
x
+
∂F˜α2
∂xα
∣∣∣∣∣
expl.


∣∣∣∣ ∂x∂X
∣∣∣∣ . (14f)
The relevant gauge couplings are obtained from the
transformation rule (14f) for the Hamiltonian. Using the
identity ∂
∂xµ
(
∂xµ
∂Xβ
∣∣ ∂x
∂X
∣∣−1) ≡ 0, one finds
∂F˜α2
∂xα
∣∣∣∣∣
expl.
∣∣∣∣ ∂x∂X
∣∣∣∣ =
[(
˜¯ΠβφeiΛ − φ¯ ˜¯Πβe−iΛ
)
i
∂Λ
∂xµ
(15)
+ P˜αβ
(
aξ + i
∂Λ
∂xξ
)
∂2xξ
∂Xα∂Xη
∂Xη
∂xµ
(16)
+ P˜αβi
∂2Λ
∂xξ∂xµ
∂xξ
∂Xα
+ (K˜, g, Q˜, γ)
]
∂xµ
∂Xβ
, (17)
where the abbreviation (K˜, g, Q˜, γ) stands for terms
which are discussed in detail in [7, 8] and are not rel-
evant in the actual context. Inserting now the trans-
formation rules (12a)-(12e) and (14a)–(14e) provides the
gauge couplings which make the system invariant under
the transformation group U(1)×Diff(M). Especially im-
portant are the rules (12c) and (12e), which can be used
to eliminate the respective inhomogeneous terms
i
∂Λ
∂xµ
=
∂Xη
∂xµ
Aη − aµ , (18)
∂2xξ
∂Xα∂Xη
∂Xη
∂xµ
= Γξαµ − γ
η
βλ
∂xβ
∂Xα
∂xλ
∂Xµ
∂Xξ
∂xη
. (19)
These replacements lead to the couplings of fields and
gauge fields, which yield in particular for the term (15):
(
˜¯ΠβφeiΛ − φ¯ ˜¯Πβe−iΛ
)
i
∂Λ
∂xµ
∂xµ
∂Xβ
=
(
˜¯ΠµΦ− Φ¯Π˜µ
)
Aµ −
(
˜¯piµφ− φ¯p˜iµ
)
aµ
∣∣∣∣ ∂x∂X
∣∣∣∣ ,
whereas for (16) and (17):
P˜αβ
[(
aξ + i
∂Λ
∂xξ
)
∂2xξ
∂Xα∂Xβ
+ i
∂2Λ
∂xξ∂xµ
∂xξ
∂Xα
∂xµ
∂Xβ
]
4= P˜ (αβ)
∂Aβ
∂Xα
− p˜(ξµ)
∂aξ
∂xµ
∣∣∣∣ ∂x∂X
∣∣∣∣ (20)
+ P˜ (αβ)Aρ
(
∂2xξ
∂Xα∂Xβ
∂Xρ
∂xξ
+
∂2Xρ
∂xξ∂xµ
∂xξ
∂Xα
∂xµ
∂Xβ
)
.
By virtue of the identity
∂2xξ
∂Xα∂Xβ
∂Xρ
∂xξ
≡ −
∂2Xρ
∂xξ∂xµ
∂xξ
∂Xα
∂xµ
∂Xβ
(21)
the last line of (20) vanishes identically. Note that
the cancelling occurs due to the second Λ-derivatives in
Eq. (17), which are merely present in the case where a
U(1)-invariance is demanded in addition to the Diff(M)-
invariance. In the case of pure Diff(M) transformations,
the second derivative term of Λ in Eq. (17) does not oc-
cur and hence cannot cancel the second derivative term
of xξ in Eq. (16). That ultimately leads to couplings
of the form p˜µνaαγ
α
µν which in the final action func-
tional convert the partial derivatives of aµ into covariant
derivatives. In total the transformation rule (14f) of the
Hamiltonian becomes
∂F˜α2
∂xα
∣∣∣∣∣
expl.
=
(
˜¯ΠαΦ + Φ¯Π˜α
)
Aα
∣∣∣∣∂X∂x
∣∣∣∣− (˜¯piαφ+ φ¯p˜iα) aα
+
1
2
P˜ νβ
(
∂Aν
∂Xβ
+
∂Aβ
∂Xν
) ∣∣∣∣∂X∂x
∣∣∣∣− 12 p˜νβ
(
∂aν
∂xβ
+
∂aβ
∂xν
)
+
(
K˜αλβGµλ + K˜
λαβGλµ
)
Γµβα
∣∣∣∣∂X∂x
∣∣∣∣
−
(
k˜αλβgµλ + k˜
λαβgλµ
)
γµβα
+ (Q˜,Γ)
∣∣∣∣∂X∂x
∣∣∣∣− (q˜, γ)
= H˜′g
∣∣∣∣∂X∂x
∣∣∣∣− H˜g ,
which shows that the gauge Hamiltonian H˜g emerges as:
H˜g =
(
˜¯piαφ+ φ¯p˜iα
)
aα +
1
2
p˜νβ
(
∂aν
∂xβ
+
∂aβ
∂xν
)
+
(
k˜αλβgµλ + k˜
λαβgλµ
)
γµβα + (q˜, γ). (22)
Again the explicit form of the (q˜, γ) terms are not rel-
evant in our context. The gauge Hamiltonian H˜g and
H˜′g are form-invariant. Hence, the total Hamiltonian
H˜ = H˜1 + H˜2 + H˜grav + H˜g transforms invariantly as
a world scalar density. The gauge Hamiltonian H˜g does
not induce couplings between vector field aµ and the con-
nection γαµν—and hence torsion. In contrast, the metric
gµν couples directly to γ
α
µν , which is also the case for
non-U(1)-symmetric vector fields (cf. [7, 8]).
We finally end up with the U(1) × Diff(M)-invariant
action:
S =
∫
d4x
[
p˜iµ∂µφ¯+ ∂µφ˜¯pi
µ + p˜µν∂νaµ + k˜
αβµ∂µgαβ + q˜
αβν
µ ∂νγ
µ
αβ − H˜1 − H˜2 − H˜grav − H˜g
]
=
∫
d4x
[
p˜iµ
(
∂µφ¯− φ¯aµ
)
+ (∂µφ− φaµ) ˜¯pi
µ +
1
2
p˜µν(∂νaµ − ∂µaν) + k˜
αβµ∇µgαβ + q˜
αβν
µ r
µ
αβν − H˜1 − H˜2 − H˜grav
]
where∇µ is the spacetime-covariant derivative and r
µ
αβν
the Riemann-Cartan curvature tensor. It is easy to check
that this action is indeed invariant under U(1)×Diff(M),
as required. The couplings of the kind p˜iµφ¯ aµ nicely add
up to the U(1)-gauge-covariant derivative in the action.
On the other hand, merely the terms p˜µν (∂νaµ − ∂µaν)
emerge, yet no additional terms coupled to the affine
connection arise. Note that in [7], where no U(1)-
transformations were taken into account, this term looks
like
p˜µν (∇νaµ −∇µaν) = p˜
µν (∂νaµ − ∂µaν) + p˜
µνaαs
α
µν ,
which admits an explicit U(1)-breaking due to a coupling
to torsion.
In the case of e.g. the Klein-Gordon-Maxwell system
this gives the correct U(1)-gauge coupling and is dif-
femorphism invariant, as required. It is obvious that the
electromagnetic field strength tensor is given by
Fµν = ∂µaν − ∂νaµ ,
in contrast to other proposals [4, 5], which define
Fµν = ∇µaν −∇νaµ = Fµν + aαs
α
µν ,
and induce torsion couplings aαs
α
µν explicitly breaking
U(1)-symmetry.
IV. CONCLUSIONS
By means of a canonical transformation representation
of the gauge principle, we again demonstrated that U(1)-
symmetric vector fields do not couple minimally to tor-
sion. This conclusion coincides with [1–3] and supports
their result with this independent account2. Note that
2 Using the covariant transformation theory as described here this
conclusion can—in a straightforward albeit algebraically more
5in principle non-minimal couplings to torsion, as consid-
ered in [3] of the form s2F 2, are still possible. These
couplings are U(1)×Diff(M) invariant and are of course
not excluded by the covariant canonical transformation
formalism.
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